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Abstract 



Recent work has demonstrated an attractor mechanism for extremal rotating black holes sub- 
^ ' ject to the assumption of a near-horizon SO{2, 1) symmetry. We prove the existence of this 

I symmetry for any extremal black hole with the same number of rotational symmetries as known 

four and five dimensional solutions (including black rings). The result is valid for a general 
two-derivative theory of gravity coupled to abelian vectors and uncharged scalars, allowing for a 
non-trivial scalar potential. We prove that it remains valid in the presence of higher-derivative 
|0 I corrections. We show that SO{2, l)-symmetric near-horizon solutions can be analytically con- 

' tinned to give S'?7(2)-symmetric black hole solutions. For example, the near-horizon limit of 

\ an extremal 5D Myers-Perry black hole is related by analytic continuation to a non-extremal 

cohomogeneity-1 Myers-Perry solution. 

■ 

■ 1 Introduction 

The "attractor mechanism" is the phenomenon that the entropy of an extremal black hole cannot 
depend on any moduli of the theory. It was initially discovered for supersymmetric black holes [H 
[21 [3], then realized that it still applies in the presence of certain higher-derivative corrections [U 
[5l [6], and most recently extended to non-supersymmetric black holes [71 [H [9]. This has led to 
an explanation [lOl [11] of the success of string theory calculations of the entropy of certain non- 
supersymmetric extremal black holes [l2l [131 [3 [El [ISl [T7] . 

Most studies of the attractor mechanism have concerned static, spherically symmetric, black 
holes. However, there has been recent interest in extending this to more general extremal black 
holes [S]. 

Any extremal black hole admits a near-horizon limit [19j. For known solutions, the isometry 
group of the black hole is enhanced in this limit. For example, the near-horizon geometry of the 
extremal Kerr black hole is [20] 



^^.^(l + cos^ 



^2 
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where ro > 0. The first two terms in square brackets are the metric of 2d anti-de Sitter space 
(AdS), which has isometry group 0(2,1). In fact (as we shall explain later), 0(2, 1) extends to a 
symmetry of the full metric, so the full isometry group is 0(2, 1) x U{1) where the U{1) arises from 
the axisymmetry of the black hole (generated by d/d(p) |20j . Other 4d examples are considered in 
[18) . with the conclusion that they also have 0(2, 1) x U{1) isometry group in the near-horizon limit. 

Similarly, the near-horizon geometry of the extremal 5d Myers-Perry [21j black hole has 0(2, 1) x 
C/(l)^ isometry group [20], where the U{1)'^ arises from the two rotational symmetries of this black 
hole. The original 2-parameter black ring solution [22] does not admit an extremal limit but its 
3-parameter generalization [23] does, as does the dipole ring solution [24j. We shall see that the 
near-horizon geometries of these extremal solutions also have 0(2, 1) x U{1)'^ symmetry. 

In all of these examples, the 0(2, 1) symmetry arises because the near-horizon geometry involves 
a fibration over AdS2- For solutions with non-trivial Maxwell fields, the Maxwell field strengths are 
invariant only under the 5*0(2, 1) subgroup of 0(2, 1) that preserves orientation in AdS2- Hence the 
full near-horizon solution has symmetry group SO(2, 1) x U{1)^~^ for D = 4,5. 

If one assumes the existence of this 50(2, 1) symmetry in general then one can extend the 
attractor mechanism beyond the static, spherically symmetric case to general extremal black holes 
[18) . At first sight, the assumption of 50(2,1) symmetry appears rather strong since, as we shall 
explain, a general near-horizon geometry possesses only a 2d non-abelian isometry group. However, 
we shall show that 50(2, 1) emerges dynamically, as a consequence of the Einstein equation, subject 
to the assumption that the black hole in question admits the same number {D — 3) of rotational 
symmetries as known black hole solutions in = 4, 5 dimensions. 

We shall work with a general 2-derivative theory describing Einstein gravity coupled to abelian 
vectors (I = 1 . . . N) and uncharged scalars (p^ {A = 1 . . . M) in D = 4, 5 dimensions, with action 

S = J d^'x^g [r - \fAB{ct^)d^^^d^'(l^^ - - \gu{ct^)Fl,F'^-'^ + Stop, (2) 

where = dA^ , V^(</>) is an arbitrary scalar potential (which allows for a cosmological constant), 
and 

5top = hij{(t>)F' AF-^ if I) = 4, (3) 

or 

Stop = \j CijkF' a a if D = 5, (4) 

where Cjjk are constants. 

This encompasses many theories of interest, e.g., vacuum gravity with a cosmological constant, 
Einstein-Maxwell theory, and various (possibly gauged) supergravity theories arising from com- 
pactification from ten or eleven dimensions. Furthermore, we shall not restrict attention only to 
asymptotically flat black holes. For example, our results will apply equally to asymptotically anti-de 
Sitter black holes. The first main result of this paper can be summarised in the following: 

Theorem 1. Consider an asymptotically flat, or anti-de Sitter, extremal black hole solution of the 
above theory. Assume that it has D — 3 rotational symmetries. Then the near-horizon limit of 
this solution has a global G3 x U{1)^~^ symmetry, where G3 is either 50(2, 1) or (the orientation- 
preserving subgroup of) the 2d Poincare group. The Poincare-symmetric case is excluded if /ab ('?!') 
and gij{4>) are positive definite, the scalar potential is non-positive, and the horizon topology is not 

rpD-2 

Remarks: 

1. The asymptotic boundary conditions are only required at one point in the proof, where we 
use the fact that the generator of each rotational symmetry must vanish somewhere in the 
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asymptotic region (on the "axis" of the symmetry) to constrain the Maxwell fields. The 
theorem is true for any asymptotic boundary conditions with this property^ 

2. The existence of a single rotational symmetry seems reasonable because of the "stationary 
implies axisymmetric" theoremjl although this has only been proved for non-extremal rotating 
black holes. There is no general argument for the existence of two rotational symmetries in 
D = 5 but all known solutions have this property. 

3. We will show that generic orbits of the symmetry group have the structure of T^^^ fibred over 
over a 2d maximally symmetric space, i.e., AdS2, dS2 or R^'^. AdS2 and dS2 give 50(2,1) 
symmetry whereas R^'^ gives Poincare symmetry. We can exclude the dS2 and R^'^ cases 
subject to the additional assumptions mentioned, which ensure that the theory obeys the 
strong energy condition. This encompasses many theories of interest e.g. theories for which 
the scalars are all moduli, or various gauged supergravity theories. The assumption that 
the horizon topology is non-toroidal (which is not needed if the scalar potential is strictly 
negative) seems reasonable because of the black hole topology theorem, which has been proved 
for Einstein gravity with a variety of asymptotic boundary conditions and restrictions on the 
energy-momentum tensorjl 

Much of the interest in the attractor mechanism stems from the fact that it applies to any local, 
generally-covariant, theory, not just second-order gravity [7]. Therefore it is important to examine 
how higher-derivative corrections affect our result. Our second main result is the following: 

Theorem 2. Consider a general theory of gravity coupled to abelian vectors and uncharged 
scalars (f)^ with action 



where 52 is the 2-derivative action above, A is a coupling constant, and Cm is constructed by 
contracting (derivatives of) the Riemann tensor, volume form, scalar fields and Maxwell fields in 
such a way that the action is diffeomorphism and gauge- invariant. Consider an extremal black hole 
solution of this theory obeying the same assumptions as in Theorem 1. Assume that there is a 
regular horizon when A = with SO{2, 1) x U{1)^~^ near-horizon symmetry (as guaranteed by 
Theorem 1), and that the near-horizon solution is analytic in A. Then the near-horizon solution has 
SO{2, 1) X U{1)^~^ symmetry to all orders in A. 

Hence our result is stable with respect to higher-derivative corrections. However, it does not 
apply to so-called "small" black holes [30l EU [32l [33l [34], for which existence of a horizon depends 
on the higher-derivative terms in the action, i.e., it requires A 7^ 0. 

The above theorems are proved in section 2. Section 3 discusses some examples of 5-dimensional 
near-horizon geometries. In particular, we discuss the near-horizon geometries of extremal Myers- 
Perry black holes and black rings. The near-horizon geometry of an extremal vacuum black ring turns 
out the be the same as that of an extremal boosted Kerr black string. We shall see that the 50(2, 1) x 
C/(l)^-invariant near-horizon geometries of Myers-Perry and black ring solutions can be analytically 

D = 5 theory with Kaluza-Klein boundary conditions could violate this condition (if one of the rotational Killing 
fields were tangent to the Kaluza-Klein circle at infinity then it would not vanish anywhere in the asymptotic region) . 
However, in this case one could simply apply our theorem to the D = 4 theory resulting from dimensional reduction. 

^ That has been proved for D = 4 Einstein gravity coupled to "reasonable" matter (obeying the weak energy 
condition with hyperbolic equations of motion) and asymptotically flat boundary conditions |25) . It has recently been 
extended to D > 4 and asymptotically anti-de Sitter boundary conditions |26j . 

^In _D = 4 it has been proved for matter obeying the null energy condition and asymptotically flat [27] or asymp- 
totically anti-de Sitter boundary conditions. In D = 5 it has been proved for matter obeying the dominant energy 
condition and asymptotically flat boundary conditions |29] . 




m>l 



(5) 
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continued to give stationary solutions with SU{2) x U{1) x R symmetry, where R denotes time 
translations. For example, the near-horizon geometry of a cohomogeneity-2 Myers-Perry solution can 
be analytically continued to give a non-extremal cohomogeneity-1 (equal angular momenta) Myers- 
Perry solution. Similarly, the near-horizon geometry of an extremal dipole ring can be continued to 
give a Kaluza-Klein black hole. Finally, we determine the most general 50(2, 1) x [/ (l)^~^-symmetric 
vacuum near-horizon geometry by exploiting the fact that the analytically continued version of this 
problem is to find the general stationary, spherically symmetric solution of Kaluza-Klein theory, 
which was solved in |35j . 

2 S0{2, 1) symmetry 

2.1 Near-horizon limit 

The event horizon of a stationary, non-extremal, black hole must be a Killing horizon. We shall 
assume that this is also true for extremal black holes. In the neighbourhood of the horizon, one can 
introduce Gaussian null coordinates (f,r, x"), in which the metric takes the form (see e.g. [36J) 

ds'^ = r'^F{r, x)dv^ + 2dvdr + 2rha{r, x)dvdx°' + -/abir, x)dx°-dx^, (6) 

where d/dv is Killing, the horizon is at r = and are coordinates on a (D — 2)-dimensional spatial 
cross-section of the horizon. The functions F, ha and 'jab are continuous functions of r. Extremality 
implies that g^^ is 0{r'^). 

The near-horizon limit is defined by [19] 

V ^ v/e, r ^ er (7) 

and e ^ 0, after which we obtain the near- horizon geometry 

ds^ = r^F{x)dv^ + 2dvdr + 2rha{x)dvdx'^ + -fab{x)dx''dx^ , (8) 

with F(x) = F{0, x) etc. The near-horizon geometry is invariant under v ^ v + const (generated 
by d/dv) and also under the transformation defined by equation ([7j) (generated by vd/dv — rd/dr). 
These symmetries generate a two-dimensional non-abelian isometry group G2. The orbits of this 
group are two-dimensional if r 7^ and one-dimensional if r = 0. 

The main point of this paper is to demonstrate that the non-abelian G2 symmetry group is 
enhanced to a larger 0(2, 1) symmetry dynamically as a consequence of the Einstein equations. 

2.2 Static black holes 

In the static case, the 0(2, 1) symmetry can be understood kinematically. For a static black hole, 
the generator of time translations must be null on the event horizon so the near-horizon geometry is 
a Killing horizon of this Killing vector field and hence V = d/dv must be hypersurface-orthogonal: 
V A dV = 0. Hence the near-horizon geometry is also static. We then have 

Lemma 0. A static near-horizon geometry is locally a warped product of a 2d maximally symmetric 
space-time with a compact {D — 2)-manifold. 

Proof. V A dV = if, and only if, dh = and dF = Fh. Therefore, locally there exists a function 
X(x) such that h = dX and F = Foexp(A). Now define R = rexp(A). In coordinates {v,R,x) the 
near-horizon geometry is 

ds'^ = e-^(^) (FaR^dv^ + 2dvdR^ + -fab{x)dx''dx''. (9) 
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The terms in brackets describe a 2d maximally symmetric spacetime: de Sitter if Fq > 0, Minkowski 
if Fq = 0, and anti-de Sitter if Fq < 0. jab is the metric on a spatial cross-section of the horizon, 
which, for a black hole, is necessarily compact. 

The word "locally" can be deleted if the horizon is simply connected. For a static black hole 
V must be timelike outside the horizon. After taking the near-horizon limit, this gives ^ so 
the de Sitter case is excluded. So in general, the near-horizon geometry of a static extremal black 
hole is locally a warped product of AdS2 or R^'^ with a compact {D — 2)-manifold. Hence there is 
a local 0(2, 1) symmetry if < and a local 2d Poincare symmetry if Fq = 0. The orbits of these 
isometry groups are 2-dimensional. The symmetry is global if the horizon is simply connected. 

It is possible for a non-static black hole to have a static near-horizon geometry. Indeed, this is 
what happens for super symmetric black rings, which have near-horizon geometry locally isometric 
to AdSs X S'^ [37]. For these solutions, one finds that Fq = and hence there is a local Poincare 
symmetry (it is only local because the horizon is not simply connected). The symmetry acts on the 
flat slices of AdS^ written in "horospherical" coordinates. In this case, the Poincare symmetry is 
obviously a subgroup of a much larger local symmetry group, and, as we shall see later, there is also 
a (global) 0(2, 1) symmetry present. In the next section (and in the Appendix), we shall argue that, 
for black holes with the same amount of rotational symmetry as known solutions, the existence of a 
near-horizon Poincare symmetry can only arise in this way, i.e., there will always be a global 0(2, 1) 
symmetry in addition to the local Poincare symmetry. 

2.3 Rotational symmetries 

If a stationary, non-extremal, black hole is rotating, i.e., if the stationary Killing field is not null on 
the event horizon, then it must be axisymmetric, i.e., it must admit a rotational U{1) symmetry 
[25\ I26j. Assuming that this is also true in the extremal case, the near-horizon metric dH) must also 
admit a U{1) symmetry. Hence, on the basis of what has been proved for general black holes, we 
can expect an extremal rotating black hole to possess a near-horizon G2 x U{1) symmetry. 

For D = 4:, the G2 x U{1) symmetry implies that the near-horizon geometry is cohomogeneity-1. 
It turns out that the same is true for all known extremal black holes in D = 5. The reason is that 
all such black holes admit two rotational symmetries. It is not known whether this should be true 
in general, or whether it is an "accidental" property of the known solutions. In any case, in D = 5 
we are going to restrict attention to black holes for which this is true. Hence we assume that there 
is a U{1)'^ rotational symmetry, and therefore the near- horizon geometry has G2 x ^7(1)^ isometry 
group whose generic orbits are 4-dimensional, so the near-horizon geometry is cohomogeneity-1. 

For the sake of generality, we shall consider a D-dimensional near-horizon geometry with a 
G2 X U{1)^~^ isometry whose generic orbits are {D — l)-dimensional. For D > 5, some of the U(l) 
factors must be translational, rather than rotational, symmetries as the rotation group SO{D — 1) 
admits a U{1)^~^ subgroup only for D = A,5. The most natural interpretation for D > 5 is that we 
are considering a black brane rather than a black hole, with some worldvolume directions wrapped 
on a torus to give a black hole after reduction to D = 4 or D = 5. 

If D = 4 then the only (compact) horizon topologies consistent with the existence of a global 
rotational Killing field are and T^. If D = 5 then then only possibilities consistent with two 
rotational Killing fields are (or a quotient), x and [38]. 

The existence of the U{1)^~^ symmetry allows us to introduce coordinates = (/>, x*), i = 
1 . . . D — 3, such that d/dx^ are Killing, and 

'yabdx^'dx^ = dp^ + -^ij{p)dx^ dxK (10) 

For toroidal topology, jij is non-degenerate and periodic in p. For non-toroidal topology, the range 
of /5 is a finite interval and jij degenerates at the endpoints of this interval, where one of the Killing 
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fields vanishes. For S"^ or x S'^ topology, it is the same Killing field that vanishes at each endpoint 
but for 5^ topology, it is a different Killing field at each endpoint [38j. 
Define a positive function T{p) by 

I! 

T 

and functions ki{p) by 



hp = -^^ (11) 



h^ = T-^h. (12) 
We can now perform a coordinate change r — > T{p)r to bring the near-horizon metric to the form 

ds^ = r^A{p)dv^ + 2T{p)dvdr + dp'^ + 'jijip) (dx' + k\p)rdv^ (dx^ + k^{p)rdv^ , (13) 

where /c* = j'^^kj. We are now ready for 

Lemma 1. Consider a near-horizon geometry with symmetry G2 x U{1)^~^. Introduce coordinates 
{v,r,p,x'^) as above. If the pi and pv components of the Ricci tensor vanish then A:* is constant and 
A[p) = AoT{p) for some constant Aq. The near-horizon metric is 

ds^ = T{p) Aor^dv^ + 2dvdr + dp^ + jij{p) (dx* + k'rdv^ [dx^ + k^rdv^ . (14) 
Proof. Explicit calculation gives (a prime denotes a derivative with respect to p) 



Rpi 2r 



(15) 



R -L 



r' / A' 



(16) 



Hence Rpi = implies (A;*)' = and then Rpy = implies A = AqT. 



The part of the metric (jl4p in square brackets is the metric of a 2d maximally symmetric space- 
time M2: de Sitter if Aq > 0, Minkowski if = and anti-de Sitter if Aq < 0. The next lemma 
shows that all symmetries of this 2d space-time extend to symmetries of the full near-horizon metric 

m- 

Lemma 2. The metric ()14p has an isometry group 63 x U{\)^~^ where the 3-dimensional group 
G3 is the 2d Poincare group if ^do = or 0(2, 1) if Aq ^ 0. The orbits of G3 are 3-dimensional if 
A;* 7^ and 2-dimensional if A;* = 0. 

Proof. M2 has a 3-dimensional isometry group G3. We need to show that these isometries extend 
to the rest of the metric. This is trivial if A;* = (in which case the orbits of are obviously 
2-dimensional), so assume A;* 7^ 0. The volume form of M2 is dr f\dv = d{rdv). This volume form is 
invariant up to a sign under G^. Hence under an isometry in G3 we must have rdv — > ^{rdv + dcf)) for 
some function (j)[v, r). Since A;* is constant, we can compensate for this shift by a U{\) transformation 
x^ — > ib(x' — k^(f){v,r)), so the full metric is invariant under an (^3 x U{\)^~^ symmetry. The orbits 
of G3 are 3-dimensional because of this shift in x*. 

We shall prove below (and in the Appendix) that the > case can be ruled out subject to 
the additional assumptions on the theory listed in Theorem 1. Therefore we are mainly interested 
in Aq < 0. 

It will be useful to have explicit expressions for the discrete symmetries of AdS2. To do this 
we transform the AdS2 to global coordinates, in such a way to make the enhancement of symmetry 
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manifest in the full near-horizon metric. This can be achieved by the transformation {v,r,x^) 
(r, Y, xO defined by: 



g^vr 



-Y + g-\l+g^Y^Yl^^in{gT) \ 
{l + g^Y^Yl^cos{gT)-l j 



and 

dx' + k'rdv = dx' + k'YdT, (18) 

where for clarity we have written Aq = —g^ since we are concerned with Aq < (these equations are 
also valid for Poincare symmetry {Aq = 0) if one takes the limit 5 — > with T,Y held fixed). Note 
that equation ([18]) is integrable since dv A dr = dT A dY, and also that djdx^ = d/dx^- In these 
coordinates the near-horizon geometry is 



ds^ = r(p) 



1 + g'^Y'^) dT"^ + f 1 + g^Y'^) ^ dY"^ 



+ dp^ + -iij{p) [dx' + k'YdTj + k^YdTj . 

(19) 



It is clear that this near-horizon metric exhibits the discrete isometries 

Pi : (T, x') ^ i-T, -x'), P2 ■■ (T, Y) ^ (-T - Y) (20) 

which are inherited from the discrete T and PT isometries of AdS2 respectively. Pi is in 0(2, 1) but 
not SO{2, 1). P2 is in SO{2, 1) but not continuously connected to the identity. 

We end this section by examining when the near-horizon geometry (jl4p is static. This occurs if, 
and only if (i) A; = or (ii) k'^ = — ^ol" with Aq < 0, and ki = Tki where ki is constant. In case (i) it 
is obvious that Lemma 2 is a special case of Lemma 0. Case (ii) is more interesting. In this case, we 
can choose our coordinates x* so that k = gd/dx^ and (by shifting x^ if necessary) k oc dx^. Split 
the coordinates as = {x^,x^), A = 2 ... D — 3 (for D > 5). Then we have 711 = k'^/g'^ = T and 
7iA = 0. Hence k = gVdx^. The metric is 

ds^ = r{p) \-g^r^dv^ + 2dvdr + {dx^ + grdvf] + dp^ + jAB{p)dx'^dx^ , (21) 

The metric in square brackets is locally isometric to AdS^. Hence in this case, the near- horizon 
geometry has local isometry group 0(2,2) X [7(1)^-4, where 0(2,2) has 3d orbits. 0(2,2) is only 
local because x^ must be identified for the horizon to be compact. Globally, this breaks 0(2,2) ~ 
0(2, 1) X 0(2, 1) to the 0(2, 1) X U{1) guaranteed by Lemma 2. 



2.4 General second order theory 

As mentioned above, if D > 5 then some of the Killing directions must parameterize Kaluza-Klein 
directions so given a theory in D > 5 dimensions we can work in a dimensionally reduced theory 
with D = 4 OT D = 5. We assume that this is of the type described in the Introduction. We can 
now present the proof of Theorem 1 stated in the Introduction. The method is first to show that 
a near- horizon solution of this theory will satisfy the assumptions of Lemma 1, and hence (Lemma 
2) the metric will possess enhanced isometry group 03. Then we show that the other fields also 
exhibit symmetry enhancement, although only with respect to the subgroup G3 of G3 that preserves 
orientation in M2. 

To satisfy the assumptions of Lemma 1, we need to show that Tpi = Tp^ = in the near-horizon 
limit for any extremal black hole solution of this theory, where T^i, is the energy-momentum tensor. 
We assume that the matter fields are invariant with respect to the Killing fields d/dv and d/dx^. 
Hence, after taking the near-horizon limit, the scalar fields are functions of p only. The scalar kinetic 
and potential terms make a vanishing contribution to Tpi since gAB{(t')dp(j)^di(j)^ and gpi are zero. 
Similarly there is no scalctr field, contribution to Tp^. 
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Turning to the vector fields, we first make use of a standard result: if X and Y are commuting 
Killing vector fields that preserve a closed 2-form F then F^^X^Y^ is constant. Take X to be a 
rotational symmetry. For conventional asymptotic boundary conditions (e.g. asymptotically flat or 
asymptotically anti-de Sitter), X must vanish somewhere in the full black hole space-time (on the 
"axis" of rotational symmetry). Hence F^j^^X^Y^ = 0. Taking X = d/dx^ , and Y = d/dx^ or d/dv, 
we conclude that F^ and F^^ must vanish. Using this, the near-horizon limit of the Maxwell field 
must have the fornQ 

= fI^ {p)dv Adr + rF^^ {p)dv Adp + Fj^ {p)dp A dx' . (22) 

Imposing the Bianchi identity dF^ = implies (F^j.)' = F^^. One then finds (using the metric (jl3p ) 
that 

'd(gjj{^)*FA] . . =^gij{cl,)(F^p + k\p)F^,). (23) 

The equation of motion for says that this must be proportional to d{hjj{(j))F'^)rvn if I? = 4 or 
to Cijk{F'' a F^)rvni^ if D = 5 but it is easy to see that both of these terms vanish. Hence the 
Maxwell equation implies that 

f4 = -k\p)Fj,,. (24) 

Substituting this back into (p2|) gives 

F^ = Fl{p)dv Adr + F^i{p)dp A (dx' + kHp)rdv^ . (25) 

It is then easy to see that the Maxwell fields makes a vanishing contribution to Tpi and Tp^. Hence 
we have satisfied the conditions of Lemma 1 so we must have A = AqT and /c* is constant. Therefore, 
from Lemma 2, the metric exhibits an enhanced isometry group G3. 
Converting (|25|) to global coordinates gives 

F^ = F^Yip)dT AdY + Fl^{p)dp A [dx' + k^YdT^ . (26) 

It is now obvious that the Maxwell fields inherit all the continuous enhanced symmetries of the 
metric, as well as the discrete symmetry P2 of (|20p . However, under the discrete symmetry Pi, we 
have 

F^ -F^. (27) 

Hence, although the metric and scalars are invariant under G3, the Maxwell fields are only invariant 
under the subgroup of that preserves orientation in M2, which we shall denote as G3. If < 
then G3 = 50(2,1). 

We can now rule out the ^0 ^ case, which we analyze in the Appendix (note this includes the 
Poincare symmetric case Aq = 0). If the matrices Jab and gij occurring in the scalar and vector 
kinetic terms are positive-definite (as they will be for sensible theories) and the scalar potential 
is non-positive, then the argument in the Appendix proves that Aq < 0. This rules out Aq > 0. 
Further, if ^0 = then A;* = 0, the Maxwell fields must vanish, the scalars must take constant 
values such that the potential vanishes (if the potential is strictly negative then this is already a 
contradiction), and the near-horizon geometry must be flat: a direct product of R^'^ and T^~^. 
Hence this case can only arise for toroidal horizon topology, and is therefore excluded if we assume 
that the horizon is non-toroidal. This concludes the proof of Theorem 1. 

Finally, we return to the special case in which the near-horizon metric has AdS^ symmetry 
(equation pip ). An obvious question is whether the Maxwell fields in the general theory considered 



The near-horizon limit eliminates any r-component of except for F^^ 
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here also inherit the symmetries of AdS^. We wih focus on the D = 5 case. The D = 5 Einstein 
equation is: 



R^.u = IfABd^cP^d^cP'' + ^VicP)g^, + ^<7/ji^^i^/" - ^gijFipF-^'^^g^,. (28) 

For a metric of the form (j2ip . R^^ = automatically, so the (vv) component of the Einstein equation 
becomes 

(Fl^F-^^gij + F^^F^guT-^) = (29) 

and hence, assuming gij is positive definite, F^^ = and F^^ = 0. Therefore the Maxwell field 
simplifies to 

= F^^dp A dx'^ (30) 

which is manifestly 0(2, 2) x U{1) invariant. The scalars are trivially invariant under this symmetry, 
and thus we learn that in this special case the full solution must be 0(2, 2) x U{1) invariant. 

In this special case with ^dSs symmetry, the horizon topology must be x S*^. The near-horizon 
geometry is generically a warped product of AdS^ and 5^ (with the warp factor a function of the 
polar angle on S'^). However, if E is a constant, then one can argue (using the equations of motion) 
that the near-horizon geometry is a direct product of (locally) AdS^ and S"^ with constant scalars. 
The near-horizon of the supersymmetric black ring [37J is in this class. In a recent investigation of 
the existence of asymptotically AdS^ supersymmetric black rings, we found a near-horizon geometry 
with AdS^ symmetry and non-trivial warping but it was not possible to eliminate a conical singularity 
from the S'^ |39]. 



2.5 Higher derivative corrections 

Much of the recent interest in the attractor mechanism derives from its validity in the presence of 
higher-derivative terms. It is therefore of interest to examine whether such terms affect our result. 
In this section we will prove Theorem 2 stated in the Introduction. The following lemma will prove 
useful: 

Lemma 3. Consider the 0(2,1) x C/(l)^^^-symmetric near-horizon space-time (I14p . Let J be a 
conserved current invariant under S0{2, 1) x U{1)^~^. Assume that rrii = d/dx^ vanishes somewhere 
in the near- horizon geometry for some i (as will be the case if the horizon topology is non-toroidal). 
Then JP = 0. 

\D-3 



Proof. 50(2, 1) X U{1) symmetry implies that 



+ (31) 



Plugging this into the conservation equation in the background (jl4p gives 



where 7 = det 7ij . Hence 



o = 8,(rv7J'') = ^(rV7J''), (32) 



J' = ^. (33) 



where j is a constant. But now consider 

-k (mi A m2 A ... A mo-s) = T^/jdv A dr A dp. (34) 
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Let ij denote the operation of contracting J with the first index of a p-form. Then 

ij ★ (mi A m2 A ... A ttid^s) = jdv A dr = jdT A dY. (35) 

Now evaluate the LHS where rrii vanishes to conclude that j = and the result follows. 

Now we can examine higher-derivative corrections. Assume that we are dealing with a theory 
with an action of the form ([5]) described in Theorem 2. Varying this action will lead to an Einstein 
equation of the form 

Rf.. - \r9,. = T^u+Y1 >^^H'p\ (36) 

where T^,j is the energy momentum tensor of the 2-derivative part of the action, and is 
conserved. The Maxwell equations will take the form 

{gimF-^^^) +S''=Y. A"^i^('")^ (37) 

m>l 

where is the contribution to the equation of motion from the term S'top in the 2-derivative part 
of the action and i^^™) is conserved. 

Consider a general G2 x U{1)^~^ invariant near-horizon solution of these equations of motion. 
Assume that it is analytic in A, and possesses the enhanced 50(2,1) x U{1)^~^ symmetry for 
A = (as follows from our analysis of the 2-derivative theory above). We shall present an inductive 
argument that the solution must be 50(2, 1) x U{1)^~^ invariant to all orders in A. 

Introduce the coordinates (z;,r, p, x*) as described above. Assume, inductively, that the solution 
admits enhanced symmetry up to order A", in other words we have g^i, = g^y + X^^^h^y where the 
components of g^y are polynomials of degree n in A, and g^^ exhibits symmetry enhancement. Do 
the same for the other fields. We then have 

[5, = [^,0^,F^] + O(A"+^) . (38) 

Hence 

RAa] - Ig^.M = T,y[g,4>^,F'] + ^ \^H^;::\gjA,F'] + 0(A-+2). (39) 

m>l 

must be invariant under 50(2,1) x U{1)^~^ since it is built from the 50(2,1) x 
C/(l)^~^-invariant objects ^, (f)"^ and . Furthermore, we know that ^^^"^^[5, . . .] must be conserved 
with respect to the metric g. Hence = h\j^^ [g, . . .]m^ is a 50(2, 1) x f/ (l)^~'^-invariant conserved 
current with respect to g so, from Lemma 3 we must have Jp = 0. It follows that H^^\g, . . .] = 0. 

50(2, 1) X U{1)^~^ symmetry impliefH i/^^^ = K'rH^f' , hence i/^IT^l^, . . .] = too. Therefore the 
higher derivative correction to the pi and pv components of the Einstein equation is of order n + 2 
in A. 

The scalar fields exhibit enhanced symmetry trivially since they are functions only of p in the 
near-horizon limit. Turning to the vectors, we have 

[g, F\ 0^] = [g, 0^] + 0(A"+i). (40) 

Our induction hypothesis implies that the vector K^"^''[g, F^ is invariant under 50(2, 1) x 
C/(l)^~^. It is also conserved with respect to g. Hence Lemma 3 implies that Kp^\g,F^,4>'^] = 0. 
Therefore the higher-derivative correction to the p-component of the Maxwell equation is of order 
n + 2 in A. 

^ A symmetric tensor invariant under SO{2,l) x [/(l)^^'^ must have the form S^vdx''^dx'^ — 
So{p) (Aor'^dv^ + 2dvdr) + Si(p)dp^ + 2Si{p)dp [dx^ + k'rdv) + Sij{p) (dx' + k'rdv) (dx^ + k^rdv). 



10 



We can now repeat the argument of section p.4p . The only difference is the 0{X^^^) corrections 
to the Einstein and Maxwell equations. The result is that Rpi and Rp^ are ©(A""*"^). We conclude 
that A;* is constant, and A = AqT, to order n + 1 in A, and therefore g and exhibit symmetry 
enhancement to order n + 1 in A. 

Having assumed that the fields exhibit enhanced symmetry to order n we see that they must 
have enhanced symmetry to order n + 1. We have already proved the result for n = and hence the 
result must be valid for all n by induction. 



3 Examples 

3.1 Determining near-horizon geometries 

In this section we will analyse various examples of near-horizon limits of known five-dimensional 
extremal black holes. These will illustrate some of our general results. We will focus on near-horizon 
limits of cohomogeneity-2 black holes as these are the most complicated known examples. 

The first step in determining a near-horizon geometry is to introduce coordinates regular at the 
horizon. Rather than giving details for each solution, we shall explain here how to do this for a 
general class of metrics which encompasses all of the solutions we are interested in. We assume that 
the black hole metric takes the cohomogeneity-2 form 

ds^ = gu{R,x)dt'^ +2gti{R,x)dtd^' + gRR{R,x)dR^ + g^^{R,x)dx^ + g^j{R,x)d¥d^^ (41) 

where -R is a "radial" coordinate such that R = is the event horizon, and x is a "polar angle" on 
the surfaces of constant t and R. All known rotating black hole solutions (including black rings) 
take the above form. By shifting <I>* by appropriate (constant) multiples of t, we can ensure that 
the coordinates are co-rotating, i.e., ^ = 5j is null on the horizon. For known extremal black hole 
solutions we have 

gu = fi{x)R + 0{R^), gu = ft{x)R^ + 0{R^), gRR = fR{x)R-^ + 0{R-^) (42) 

for certain functions fp{x). 

The above coordinates are not regular on the horizon. Therefore we define new coordinates 

{v,r,f ) by 

R = r, dt = dv + a{r)dr, d^' = d4>' + b'{r)dr (43) 

where: 

a(r) = ^ + ^, 6^(r) = ^. (44) 

The constants are chosen to make the metric and its inverse analytic at r = 0. The near-horizon 
limit is then defined by u — > u/e, r ^ er and e ^ 0, and let us denote the limiting metric by g^jy. 
The following components are easily obtained since they are not affected by the transformation to 
the new coordinates: 

Qvi = fi{x)r, g^v = ft{x)r'^, (jij = gij{0,x), = fc(0,x). (45) 

Comparing to our standard form for the near-horizon (|13p allows one to identify x* = (/>*, dp'^ = 
gxx{x)dx'^, and 

h = fi{x), A + k'ki = ft{x), ^ij = cjij. (46) 
The vr component of the metric is g^r = (^{'r)gtt + b'^{''')gti- Taking the near-horizon limit gives: 

r = g,r = aoft{x) + bifi{x). (47) 
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Hence the near-horizon solution is fully-determined once we know the constants ao,6o- These can 
be obtained from regularity of gri and ■ Absence of a 1/r term in gri implies that 

bi = -ao7''f,{x) = -aok\ (48) 

This implies that /c* must be constant. However, this equation is only consistent if 7*"'/j is constant. 
Fortunately this turns out to be true for known solutions. Of course, this is not an accident: we are 
discussing solutions of the Einstein equation, and we have seen in previous sections that the Einstein 
equation implies that k'^ must be constant. 
Absence of a 1 /r^ term in g^r implies thal^ 

.2 _ fni^) (49) 



k'^ki - ft{x) 



This determines oq up to a sign, and hence b}) and F are also determined up to the same sign. We 
choose the sign such that F > 0, which ensures that we are dealing with a future, rather than past, 
horizon. The final piece of near-horizon data, A is then determined from (|46p . Combining this with 
(jiT]) and (08]) gives: 

A = Gq^T. (50) 

Equations (j48p and ()50p imply that the near- horizon metric is of the form ()14p with Aq = Oq ^. Thus 
we see the enhancement of symmetry, which we derived earlier using more general arguments. 



3.2 topology black holes 

The simplest cohomogeneity-2 black hole with an topology horizon is the doubly spinning Myers- 
Perry solution [,21j (with a ^ b, where a, b are the rotation parameters). Using the general formalism 
developed in the previous section we can calculate the near-horizon limit of the extremal doubly 
spinning Myers-Perry black hole with a ^ b. Without loss of generality we choose < a < b. After 
a tedious calculation, we find that the near horizon limit can be written in the form ()14p where: 

-labdx^dx^ = a{efde^ 

+ ^"^ ^5 f^cos^ 9{b + acos^ 6^)^^^ + 2rg cos^ 6'sin2 6'## + asin^ 9{a + bsin^ e)d(p^) 
crip) ^ ^ 

^ a{e f 4 , i d ^ 2ro 8 2ro d 

{a + 6)2 ' ° (a + by ' dx^ b{a + b^ d^j a{a + b^ dcj) ^ ' 

where the coordinates on the horizon are x"' = {9, (j), ip) and (t{9)^ = Vq+oP' cos^ 9 + b'^ sin^ 9, Tq = ab. 

3.3 S'^ X topology black holes 

Vacuum solutions. There are two known vacuum solutions with horizon topology x S"^. These are 
the (boosted) Kerr string and the black ring [221 123pl . The 3-parameter black ring solution admits 
an extremal limit [23]. In this section, we will use the formalism described above to show that the 
near-horizon geometry of an extremal black ring is globally isometric to that of an extremal Kerr 
string. 

Let us begin with the boosted Kerr string. To construct this solution one takes the direct 
product Kerr xS^, and write the metric on as dz'^. Now perform a boost {t,z) (cosh/3i + 
sinh sinh /?t -|- cosh/3z), where t is the time coordinate in which the Kerr metric is at rest at 

® There will also be a 1/r divergence in grr- Eliminating this determines ai. However, we do not need to know ai 
to determine the near-horizon geometry since a dr^ jr term vanishes in the near-horizon limit. 
^Only the black ring is asymptotically flat. 
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infinity. After taking the extremal limit, we find that the near-horizon geometry has the expected 
0(2, 1) X U{lf symmetry The near-horizon data is: 

-labdx'^dx'' = a\l + cos^ e)de^ + f"' ( d<D + g^dzV + cosh^ (3dz\ (52) 

1 + cos"' V 2a J 

_ 1 + COS^ e _ 1 , _ 1 a /r;QN 

^ " 2 cosh/? ' 2a2cosh/3' ^ " 2a2 cosh /? ^* ^^"^^ 

where (0, <1>) are the coordinates on the horizorjf] and a is the Kerr angular momentum parameter. 
Note that $ has period 27r, whereas z may have any period Az. This near-horizon solution thus 
depends on three parameters (a,/3, Az). 

Let us now turn to the extremal limit of the recently discovered vacuum black ring with two 
independent angular momenta [23]. The solution has three parameters [k,\^v) and the extremal 
limit is reached when v = A2/4, and < A < 2. After an involved calculation, we find the near 
horizon can be written in the form (dlD witliHl 

, a , b _ 8A2fc2g(x) 2 

" (Ax + 2)4(1 -x2)(4-A2)"'^ 

32A2fc2(l-x2) / ^ A2 + 8A + 4^\' 4(2 + A)2A:2 ,2 
+ (4-aW) 4A "^j +^(2^1)^"^ 

_ k\'H{x) _ {2-\f , _ (2-A)^ 

" 2(2 + Ax)2(2 + A)2' 16fc ' 16fc 

where -ff(x) = (A^ + 4)(1 + x2) + 8Ax, and {x,ip,(j)) are coordinates on the horizon such that 
—1 < X < 1 and ip, (p both have period 27r. 

We can now prove that this 2-parameter near-horizon geometry is globally isometric to a special 
case of the 3-parameter Kerr string near-horizon geometry. First, it is necessary to rescale the v 
coordinate of the boosted Kerr string: v — > Cv. The following coordinate transformation then proves 
they are globally equivalent: 

a 2x + A ^ , , V2A;(2 + A) , 

cose = $ = <^ + ^, z= ' (55) 

z -|- Ax (2 — Aj 

provided that the Kerr string parameters are chosen to be: 

2 8fc2A^ ■ u2« 1 A 2^/27rfc(2 + A) V2k\^ 

"=(43a^' --h/3=l, A.= ^=(^W ^''^ 

Dipole rings. The dipole ring solution of D = 5 Einstein-Maxwell theory |j24j admits an extremal 
limit even though it rotates in only one plane. We will work in the conventions of |46j. After taking 
the near horizon limit as described above we find the that the resulting solution has SO{2, 1) x f/(l)^ 
symmetry with 



jatdx^'dx" = R'F{x)H{x)fj.' 



dx' 1 — x2 

+ 



l-x2 F{x)H{xf 



, R^\{l + X)H{x) ^^^^ 
+ Ml-A)F(x) 



(1 - Xf' 
i?A(l + A)i/2" 



This 2 is not tlie same as the initial one: it has suffered from two shifts, a constant one in the t direction (to go 
to co-rotating coordinates) and a singular one in the r direction (to go to coordinates regular at the horizon). 

® Note that unlike in [23] we work with a mostly positive signature, and we call Tp the angle along the of the 
ring. 
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where F(x) = 1 + \x and H{x) = 1 — i-tx, with < A,/x < 1. The gauge potential in this case is 
simply given by: 

A=(\^r^^^d^ (58) 

3.4 Analytic continuation 

We have seen that near-horizon solutions necessarily possess an 50(2, 1) symmetry. For non-static 
black holes, SO{2, 1) has 3-dimensional orbits, which have the form of a line, or circle, bundle over 
AdS2- In this section, we note that near- horizon solutions can sometimes be analytically continued 
so that AdS2 becomes S"^ and S0{2, 1) becomes SU{2) acting on a circle bundle over (this bundle 
is just in the case we shall discuss). This generalizes the analytic continuation relating solutions 
with AdS^ and S"^ symmetries that has been studied in |47l B5] . 

Consider first the near-horizon geometry of the extremal dipole ring discussed above. One can an- 
alytically continue this near-horizon geometry to obtain an S'[/(2)-symmetric non-extremal Kaluza- 
Klein black hole solution. To see this, transform from (u, r, ip) to the global coordinates (T, Y, x) 
defined earlier (fTT l [TS]) and continue Y — > ig~^ cosO, x ik^g^'^X a-iid rescale (f> — > t/R, T g~^T, 
where {g,k^) are given in (j57p . The result is: 

ds' = ~l} de + -^'-^(^)(^^ - 1)^^' + R^n-'i^jix - l)F(x)(dg^ + sin^ OdT^) 

(//X — ly — 1 

+ R^^,\l-X^)il^^^{dx + cosedT)\ (59) 
r [xj 

It is easy to see one may write the [9, T, x) part of the metric in terms of left invariant one-forms on 
SU{2), so that o"3 = dx + cos 9dT and a'l + a2 = (i^^ + sin^ OdT"^. Now make the following coordinate 
transformation: r = R^/Xfl{fj,x — 1). This gives: 



ds^ = -Vdt^ + ^dr^ + Ur'^ial + a^) + Wal, F = d 



^^dt 



(60) 



where 



and 



y _ V -r+)(r-r_) _ + rp _ (r+ + ro)(r_ + rp) 

^2 ' r ' U 



r± = -R^{l±IJ,), ro = R^t i^l + jj . (62) 

This is the Kaluza-Klein black hole solution discussed in [49 10 

Next we shall show that the near-horizon geometry (j5ip of the extremal Myers- Perry black hole 
is related by analytic continuation to the non-extremal self-dual Myers-Perry solution, which has 
metric 

ds'^ = -fdt^+g'^dr'^ + ^{a3-ndtf + j{al + a^), (63) 

where ai are again left-invariant one-forms on SU{2). To do this, we will work backwards from the 
self-dual Myers- Perry solution. First we make the following coordinate change: = 4r/C^, y = 



^°In order for this specetime to be regular on and outside the horizon r = r+ we require r+ > 0, r+ > r_ and 
r+ > — r-Q. These conditions can be fulfiUed in two ways: (i) _R < 0, > 0, A > 1 or (ii) _R>0, /i<— 1,A<0. 
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COS where we denote the Euler angles by {6, r, ip) so CJ3 
Now perform the following analytic continuation: y — > 
metric is: 



di/^ + cos 6 dr and al+al 
C"^ — and a ia. 



de^+sin^edr'^. 
The resulting 



ds^ 



where 



r 

C2 



[l + y')dT^ + 

p(r) 
^(r) 



1 + r 



+ ^{di: + ydT + Lu{r)dtf 



TdT^ 4:P{T)dt^ 
^ 4P(T) ^ C^A{T) 



-r + 



32 



Ma'C 



a;(r) 



MaC^ 
AA{T) ' 



(65) 

(66) 
(67) 



Using the inverse of the AdS2 coordinate transformation used earlier (\n\ [TH]) . with C = g, y = gY , 
T = gT, Tp = s-iid letting = t, we get the following geometry: 



ds' 



-C\^dv^ + 2dvdr + C^^^{dx^ + rdv + C~^uj{T)dx'^f 



TdV^ 4P{T){dx^)^ 

^ Ip(f) ^ C2^(r) ■ ^ ^ 



It is now apparent that this metric looks like a near-horizon geometry. The corresponding metric 
on the horizon at r = is: 



•jatdx^dx^ 



C^M^),^ 1 ^-2 /T.^J 2^2 TdT^ 4P(r)(dx2 



(69) 



In order to prove that this near- horizon geometry is the near-horizon limit ()5ip . it is necessary that 
the horizon metric (1690 can be made globally regular with topology. Enforcing compactness 
and regularity allows us to deduce the required coordinate change to prove the equivalence of the 
two metrics. The calculation is similar to that done in [39] and we omit the details. The explicit 
transformations (T,x^) — > {9,^,<j)) are given by: 



r 



{a + by 



2{a - b) 



(V - </.) 



ja + b) 
(a-b) 



(acj) — bip) 



and the parameters are related by 



{a + by 



M 



(a + by 



a 



ab. 



(70) 



(71) 



With these identifications it is straightforward to confirm that the two near-horizon metrics (j5ip and 
(|68p are identical (although the mass M has to be taken negative). Notice that the (F, x^) coordinate 
system is simpler than the "natural" coordinates one obtains from taking the near-horizon limit. 
This is actually the same coordinate system encountered in |39j for the near-horizon geometry of a 
supersymmetric AdS^ doubly spinning black hole |43j . 

The above analytic continuation can be generalised to other near horizon geometries with spher- 
ical topology horizons, such as Myers- Perry- AdS [42j and charged versions of this [43 ^ I44j. In par- 
ticular, we find that the near horizon limit of the Chong at al supersymmetric AdS^ black hole [39] 
analytically continues to the Klemm-Sabra "time-machine" [45]. This implies that the number of 
supersymmetries of the Chong et al solution is enhanced from two to four in the near horizon limit. 

We should point out that analytic continuation does not always lead to a stationary black hole 
solution. For example, if one starts from the near-horizon Kerr solution then one ends up with 
a special case (vanishing mass) of the Lorentzian Taub-NUT solution. This has 5*0(3) x U{1) 
symmetry, where S0{3) has 3-dimensional orbits and acts non-trivially on the time coordinate. 
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giving rise to a non-vanishing NUT charge. There is no way of avoiding this in D = 4 (except 
for giving up stationarity) . In D = 5 the near-horizon symmetry group is SO(2, 1) x f7(l)^. This 
group has 4-dimensional orbits, but the orbits of SO{2, 1) are only 3-dimensional. This gives the 
possibihty of analytically continuing in such a way that the new "time" direction lives within the 
surfaces of homogeneity, but is not acted on by SU{2) (or SO{3)), thereby avoiding NUT charge. 
This is precisely what we have done above. 



3.5 The general solution for a vacuum near-horizon geometry 

Lemma 1 tells us that a Ricci flat near-horizon geometry must be of the form (I14p . In this section 
we shall show that one can determine, at least implicitly, the general Ricci-flat solution of this 
form. We will assume Aq ^ since otherwise k = and the geometry is static, which leads to 
a trivial near- horizon geometry [30j (assuming a compact horizon). Our method is motivated by 
the analytic continuation described above: continuation of a S0{2, 1) x C/(l)^^^-invariant vacuum 
near-horizon solution gives a vacuum solution with symmetry group ~ 50(3) x U{1)^~^. This is 
the symmetry of a stationary, spherically symmetric solution of D-dimensional Kaluza-Klein theory. 
All such solutions were obtained in [35j using a method introduced in [4lj. Hence, by repeating the 
analysis of |4H [35] we can determine the general vacuum near-horizon solution. 

We start with a reduction to three dimensions on the D — 3 commuting Killing vectors = d/dx^. 
For convenience, introduce a new coordinate a by da'^ = ^dp^ where 7 = det7jj and let = 7r. 
The full spacetime metric g^y may be expressed in terms of 3d data: a set of functions 7,^ , a set of 
one-forms (twist vectors) fij = *((i^i A^i A^2 A - • • ^d-s), and an induced metric hah = l{9ab—l^^ ^ia^jh) 
where the indices a, 6 run over all coordinates except [35] • T The vacuum equations imply that 
the twist vectors are closed, = dcoi (wj are called the twist potentials), and leads to a 3d sigma 
model with equations of motion: 



D'^idaxx'') = 



(72) 



where D is the covariant derivative wrt h and x is a symmetric (D — 2) x (D — 2) unimodular 
matrix [ITIIHS] : 



-1 



-1, 



X 



7 ^ -7 ^LOi 



(73) 



In the case we are considering: 



hatdx^'dx^ = da^ + f{a){Aor^dv^ + 2dvdr), Ui = j daki{a)jf-^{a) (74) 
and the non-vanishing components of the Ricci tensor of h are: 



•2 f2 



Rv 



1 d'f 



2 \ da^ 



2An 



Rn 



1 

2/4 



2/2 



'2 j2 



da^ 




(75) 



Since x is independent of v, from the sigma model equations we see that Rvrih) = and thus we 
can integrate to get f'^: 



f = Ao[{a-bf-ayi] 



(76) 



where a, b are constants (/^ > implies > as j4o < 0). The field equation for x simplifies as x 
only depends on a: 
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which can be integrated: 



X = exp[/ii?(o-)]xo 



R{a) = I 



da 



(78) 



P 



where is an arbitrary constant traceless matrix, xo is a constant unimodular symmetric matrix 
and XofJ''^ = f^Xo- The aa component of the Ricci equation then imphes Tvfi^ = IAqO^. Performing 
the integration exphcitly gives: 



Thus we have completely determined the 3d data hab and X) and hence a general vacuum near- 
horizon geometry, in terms of the constant matrices fi, xo and two other integration constants a, b 
subject to the constraints derived above. Note that x ~^ MxM'^ where M is in SL{D — 2, R) 
leaves the 3d field equations invariant. On our solution for x this freedom reads xo ~^ MxqM'^ 
and /i — > M^M~^. However, solutions to the 3d equations related by this symmetry will not in 
general lead to equivalent spacetime geometries in D dimensions. However, a subgroup of these 
transformations which does lead to equivalent D dimensional geometries is the GL{D — 3,R) group 
which mixes the the D — 3 Killing vectors. 

The above analysis is local: compactness of the horizon has not been enforced. This will impose 
further restrictions. In the D = 4 case, it is known that the general axisymmetric vacuum near- 
horizon solution with S'^ topology is that of the extremal Kerr solution |50j . 

4 Discussion 

There are various ways in which our results could be extended. For example, Theorem 2 assumes 
the black hole is a black hole to lowest order (i.e. within Einstein gravity). Thus our result does 
not apply to "small" black holes which are black holes only when higher derivative terms are taken 
into account. It would be nice to extend our proof to remove this assumption. However, this may 
depend on the details of precisely which higher-derivative terms are required. 

In five dimensions, our results assume two rotational symmetries, whereas the "stationary implies 
axisymmetric" theorem guarantees only one. It would be interesting to see whether one could extend 
our results in five dimensions by removing the assumption of this extra rotational symmetry. 

We have considered a theory of gravity coupled to abelian vectors and uncharged scalars. Can 
our results be generalized to theories with non-abelian vectors and/or charged scalars? 

We have commented on the special case of a static near-horizon geometry with local AdS^ 
symmetry. As we have seen, in this case the near-horizon geometry is a warped product of AdS^ and 
5^ and the horizon topology x S'^, i.e., a black ring. Of particular relevance to string theory is 
the question of whether this structure will be preserved by higher-derivative corrections, or whether 
it will be broken to the global AdS2 symmetry that we have shown must always exist |iJ One can 
attempt to modify the argument of section 12.51 to prove that AdS^ symmetry must exist to all orders 
in A if it exists for A = but this does not workl^ The problem is that ^(iS'2-symmetry is a 
consequence of the equations of motion, whereas AdS^ appears to be an "accident" that arises when 
a non-static black ring solution happens to have a static near-horizon geometry. In general, there is 
no reason why this accidental feature should persist in the presence of higher-derivative terms. 

See for a complementary discussion of this point. 
^^To see what goes wrong, consider (for simphcity) a theory of pure gravity. The argument of section 1^31 consisted 
of 2 steps. First, we showed that if the metric is SO{2, l)-invariant to order n in A then the RHS of the Einstein 
equation is SO{2, l)-invariant to order n+ 1, hence the Einstein tensor is 5*0(2, l)-invariant to order n+1. Second, we 
showed that this implies that the metric is 50(2, l)-invariant to order n+1. The second step doesn't work for 0(2, 2) 
symmetry, i.e., an 0(2, 2)-symmetric Einstein tensor does not imply an 0(2, 2)-symmetric metric. This is obvious even 
at zeroth order: the RHS of the Einstein equation is zero, which is obviously 0(2, 2)-symmetric, but this does not 
imply that any vacuum near-horizon metric must be 0(2, 2)-symmetric, in fact none is! (This follows from 40 .) 




1 



(T-b-a/2 



(79) 
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This conclusion may be modified if one imposes additional symmetries on the solution. For 
example, in supergravity theories one can impose the condition that the black hole be supersym- 
metric, and supersymmetry may then explain the "accidental" AdS^. For example, in minimal 5d 
supergravity, the only supersymmetric near-horizon solution with x S'^ topology is AdS^ x S"^ 
[19) . corresponding to the near-horizon geometry of a supersymmetric black ring |37j . It would be 
interesting to extend the classification [19j of supersymmetric near-horizon geometries to include 
higher-derivative terms to see whether this conclusion persists in a more general theory. 



Acknowledgments 

HKK and JL are supported by PPARC. HSR is a Royal Society University Research Fellow. 

A Excluding near-horizon geometries with ^ 

In this section we wish to show that there are no near-horizon geometries with compact horizons 
with ^0 ^ in the general second order theory ([2]). We will assume V{cj)) < 0, and that fAB,gij 
are positive definite. 

For reference, the metric is: 

ds"^ = T{p)[Aor'^dv'^ + 2dvdr] + dp"^ + jij{p){dx' + k'rdv){dx^ + k^rdv) (80) 

and recall that F > 0. The Maxwell fields are given by 

= A\p) dvAdr + Bf (p) dp A {dx' + kWdv) (81) 

where we have defined the functions = F^^{p) and = F^{p) for notational convenience. 
We can now generalise an argument of Gibbons [51] • For the above metric, we have 



Ryr — ^0 + 



k f\jj 1 



2r 2 



r" + 



27 



Ao + ^- -V^F, (82) 



where V is the metric connection on H. The vr component of the Einstein equation is 

A. - Iv^r = + ^^TV - i^r-V,,;A'A.' - ^r.„y'B.'B,' ,83, 

Note that our assumptions imply that the RHS is non-positive: this is a consequence of this theory 
obeying the strong energy condition. Integrate this equation over H to conclude that ^ which 
rules out the case Aq > 0. Further, ii Aq = we must have /c* = and = 0, B^ = 0, i.e., the 
Maxwell fields vanish, and V = everywhere. If the theory has V < then this is a contradiction 
and we are done. Otherwise we conclude that the scalars must take values such that the potential is 
at its maximum V = everywhere. The above equation then tell us that F is harmonic, and hence 
must be constant. Therefore the geometry is a direct product of R^'^ and H. 

The next step is to show that the scalars must be constant @ The scalar equation of motion 
admits the integral 

^/ab<A^V^' = E, (84) 



If the assumption that the scalars are invariant under the rotational symmetries were relaxed then this needn't be 
true \M- 
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where E is a (non-negative) constant and we have used V = 0. Hence if we can show E 
the scalars are constant. From the Einstein equation we find 



E = R 



VP 



,/2 



r 



then 



(85) 



where 7*-' is the inverse of jij, 7 = det jij, and we have used the fact that T is constant. If D = 4 then 
the RHS vanishes identicahy and hence E = 0. For = 5 we can argue as follows. As explained 
in the main text, p takes values on an interval such that 7 is positive on the interior of the interval 
and vanishes at the endpoints. Hence there must be a point in the interior of this interval for which 
7' = 0. Evaluate the above equation at this point. The RHS is manifestly non-positive, but the LHS 
is non-negative. Hence we must have E = 0. Therefore the scalars are constant. 

We have shown that the scalars are constant, the Maxwell fields vanish, V = 0, and F is constant. 
Hence the Einstein equation reduces to the vacuum Einstein equation. The metric is a direct product 
of 2-dimensional flat space with H so the Einstein equation implies that H is Ricci-flat and hence 
flat (as is 2 or 3-dimensional) . Therefore H must be a torus, contradicting the assumption of 
Theorem 1. 
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